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Abstract
We propose a paradigm for the inflation and the vanishing cosmological constant in a unified
way with the self-tuning solutions of the cosmological constant problem. Here, we consider a time-
varying cosmological constant in self-tuning models of the cosmological constant. As a specific
example, we demonstrate it with a 3-form field in 5D.
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I. INTRODUCTION
Ever since the inflationary idea has been proposed, how the universe settles after the
inflationary period at the vacuum with the vanishing vacuum energy has been a dream to
be solved but postponed until the solution of the cosmological constant problem is known.
In 4 dimensional(4D) field theory models, it is known that there is no solution for the
cosmological constant problem [1]. One must go beyond 4D to find a clue to the solution of
the cosmological constant problem. In this sense, the Randall-Sundrum(RS) type models,
in particular the RS-II type models [2] are of great interest toward a clue toward a vanishing
cosmological constant.
Indeed, a few years ago solutions of the cosmological constant problem have been tried
under the name of self-tuning solutions [3, 4, 5, 6]. In the late 1970’s and early 1980’s it
was called the solutions with an undetermined integration constant(s). The old self-tuning
solutions looked for flat space solutions whether or not it accompanies the de Sitter(dS)
space and/or anti-de Sitter(AdS) space solutions. This kind of old self-tuning solutions is
called weak self-tuning solutions. On the other hand, recently it has been tried to find a
self-tuning solution without allowing the nearby dS and AdS space solutions [3]. This kind
of new self-tuning solutions can be called strong self-tuning solutions. However, there seems
no example for the strong self-tuning solution [4].
The first example for the self-tuning solution is obtained in 5D with the three index anti-
symmetric tensor field AMNP , with the 1/H
2 in the action where HMNPQ = ǫ
MNPQ∂MANPQ
[5, 7]. Certainly, this action has a few unsatisfactory features, but it renders an example
for the existence of weak self-tuning solutions, and provides possible physics behind the
self-tuning solutions. One such example is the existence of the region of parameter space
where only the dS solutions are allowed, which can be used for the period of inflation [8].
From this example, we can envision a unification of the ideas of inflation in the early uni-
verse, presumably at the GUT era, and the solution of the cosmological constant problem.1
Weak self-tuning solutions have been tried with a string-inspired Gauss-Bonnet action with
some fine-tuning between bulk and/or brane parameters [9], and in models with brane grav-
ity [10]. In view of the existence of a few weak self-tuning solutions, therefore, the time
1 The present tiny vacuum energy of order (0.003 eV)4 is expected to be understood by another independent
mechanism such as by the existence of quintessence.
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is ripe to consider a unified view on the inflation and vanishing cosmological constant now
even though there has not appeared yet a universally accepted self-tuning solution.
In this vein, we try to find out time-dependent solutions of the cosmological constant for a
simplified step function change(with respect to t) of the cosmological constant. We have tried
this kind of time-dependent step function for the brane tension before to show the existence
of a flat space to another flat space solution in case the spontaneous symmetry breaking
changes the vacuum energy of the observable sector [7]. Our motivation in this paper is to
see the time-dependent curvature change. However, the closed form dS solutions are difficult
to find out. In fact, there has not appeared any closed form dS solution connected to a
self-tuning solution. A time-dependent curvature solution is even more difficult to obtain.
Therefore, in this paper we just try to show the existence of such time dependent solutions of
the curvature and put forward a paradigm how the cosmological constant can become zero
after the inflationary era. If there appears a universally accepted weak self-tuning solution
in the future, the solution of the cosmological constant problem can be realized in this way.
There exist two examples of the closed form weak self-tuning solutions [5, 6]. In this
paper, we try to show the paradigm with the weak self-tuning solution obtained with the
1/H2 term by Kim, Kyae, and Lee(KKL) [5, 7].
The unified view of the inflation and vanishing cosmological constant is realized in the
following way. The universe starts with the parameters which allow only the dS space
solutions [8]. Let us call this dS-only region the D-region. In this phase there results a
sufficient inflation. The inflationary potential tried in 4D field theory models is the 4D
potential at the brane located at y = 0 in the RS-II models. The observable sector fields are
localized at the y = 0 brane. When the brane tension becomes sufficiently small, but not
necessarily zero, the parameters enter into the region where the flat space, de Sitter space
and anti-de Sitter space solutions are allowed [7]. Let us call this flat space allowing region
the F-region. Then, we may consider an initial condition after exiting from the D-region is a
dS space solution in the F-region. Since the flat space, dS space and AdS space solutions are
allowed in the F-region, we look for a time-dependent solution in the F-region. In particular,
we look for the curvature changing solutions. If the effective 4D curvature tends to zero as
t→∞,
Λ¯eff ∝ 1
tp
(1)
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where p > 2, then we obtain a reasonable solution for the cosmological constant problem. It
is necessary to require p > 2 so that the radiation dominated phase of the standard Big Bang
cosmology commences after inflation. The solution of the cosmological constant problem can
be realized with (1) in weak self-tuning models. If we cannot determine (1) classically as
a solution of equations of motion, a quantum mechanical probabilistic determination can
be given. In this sense, Baum and Hawking’s probabilistic interpretation [11] is clearly
envisioned in this 5D example.
If we find a strong self-tuning solution, one must also show the existence of the D-region
to accomodate the inflationary era. Otherwise, it is not cosmologically successful.
II. TIME-DEPENDENT CURVATURE IN WEAK SELF-TUNING MODEL
As a prototype example of the weak self-tuning model, we consider the KKL model [5, 7].
Here, a three-form field AMNP (M,N, P = 0, 1, · · · , 4)[5, 7] is introduced. In this model,
it has been shown [8] that there exists a band of brane tension Λ1, allowing only the dS
solutions, |Λ1| >
√−6Λb(≡ D−region), where Λb is the bulk cosmological constant. On the
other hand, both 4D flat and maximally curved(dS4 and AdS4 spaces) solutions are allowed
for |Λ1| <
√−6Λb(≡ F − region) [5, 7]. Thus, the KKL model has the ingredient needed
for inflation in the weak self-tuning model.2
In the KKL model, let us proceed to show a time-varying 4D cosmological constant.3
Because of the difficulty of obtaining a closed form for the t-dependent solution, we consider
just the the instantaneous transition between two different dS4 curvature scales.
The 5D action considered in the KKL model is
S =
∫
d4x
∫
dy
√−g
(
1
2
R− Λb + 2 · 4!
H2
−
√−g4√−g Λ1δ(y)
)
(2)
where g, g4 are 5D and 4D metric determinants, H
2 = HMNPQH
MNPQ, and Λb, Λ1 are bulk
and brane cosmological constants, respectively. Henceforth, we use the dimensionless unit
for the fundamental scale, M = 1. The fundamental unit M can be reintroduced when
2 Other self-tuning solutions with different forms for the action of HMNPQ = ∂[MANPQ] have been also
considered [6].
3 This work has been reported at a recent conference [12]
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needed. Then, the ansatz for the dS4 solution is
ds2 = β2(y)(−dt2 + e2
√
Λ¯tδijdx
idxj) + b2dy2, (3)
Hµνρσ =
√−gǫµνρσf(y), H5ijk = 0 (4)
where Λ¯ is the dS4 curvature, and b is a constant, and f
2(y) = 2A/β8(y) with an integration
constant A. For this ansatz, the 4D curvature Λ¯ is constant. The (55) Einstein equation in
the KKL model gives the governing equation of β[7, 8]
1
b
β ′ = ±
√
k¯2 + k2β2 −Q2β10 (5)
where
k =
√
−Λb
6
, k¯2 = Λ¯, Q =
√
1
6A
. (6)
Moreover, the boundary condition for the warp factor at y = 0 is given by
β ′
β
∣∣∣∣
y=0+
= − b
6
Λ1, (7)
Then, if we take the negative sign on the RHS of Eq. (5) for a positive Λ1, the warp factor
becomes β(y) = β(b(−|y|+ c); k¯2) with a positive integration constant c. Even if the exact
form for β was not obtained, it has been shown numerically that there always exists a dS4
solution in the F-region [7, 8]. Note that there is the repetition of bulk horizons among
which only the first horizon at y = c is causally connected to the observer at y = 0 and the
length scale bc can be considered as the size of extra dimension.
Let us consider the instantaneous change of b(t) at t = t0 as
4
b(t) = (bf − bi)θ(t− t0) + bi. (8)
Then, the warp factor has a form of β[|y|, t] = β[b(t)(−|y| + c); k¯2(t)] with time-dependent
k¯(t). For a constant brane tension Λ1, the boundary condition (7) at y = 0 reads the time
dependence of k¯2(t) as
k¯2(t)β−2(0, t) + k2 −Q2β8(0, t) = k21 (9)
4 This form was also considered for maintaining the flat solution with a changing brane tension in Ref. [7].
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where k1 = Λ1/6. Thus, k¯
2(t) is a function of θ(t− t0) to be determined from knowing the
exact form of β. Anyway, Λ¯(t) has the initial value Λ¯i in terms of bic and the final value Λ¯f
in terms of bfc via Eq. (9).
In fact, the brane value of β and k¯2 consistent with the boundary condition (9) are
β2i (0) > β
2
f(0), k¯
2
i > k¯
2
f , (10)
or
β2i (0) < β
2
f(0), k¯
2
i < k¯
2
f , (11)
where βi(0) ≡ β(0, t < t0), βf (0) ≡ β(0, t > t0), and k¯2i ≡ k¯2(t < t0), k¯2f ≡ k¯2(t > t0). On
the other hand, by integrating Eq. (5) from y = 0 to the first bulk horizon yh where β = 0,
we get the bulk horizon size as
b(t)c =
∫ β(0,t)
0
dx√
k¯2(t) + k2x2 −Q2x10
. (12)
Inserting k¯2(t) of Eq. (9) into Eq. (12) in terms of β(0, t) and making a change of integral
variable with x′ = x/β(0, t), we can rewrite Eq. (12) as
b(t)c =
∫ 1
0
dx′√
k21 − k2(1− x′2) + β8(0, t)Q2(1− x′10)
. (13)
Therefore, with the inequalities of Eqs. (10) and (11), we find that the change of b is bi < bf
for k¯2i > k¯
2
f and bi > bf for k¯
2
i < k¯
2
f . In other words, a larger(smaller) 4D cosmological
constant gives a smaller(larger) bulk horizon size.
From the ansatz for components of H as
Hµνρσ =
1√−g ǫ
µνρσ5∂5σ, H
5ijk =
1√−g ǫ
5ijk0∂0σ, (14)
the solution for σ with time-dependent b(t) is given from the static b case as
σ(y, t) = b2(t)
√
2A
∫
dyβ−4(b(t)(−|y|+ c); k¯2(t)). (15)
Therefore, we get the time derivative of σ as
σ˙ =
√
2A
[
bb˙(2
∫
dyβ−4 + β−4) + b2 ˙¯k
∫
dy
∂β−4
∂k¯
]
(16)
where there appear δ(t− t0) terms due to b˙ and ˙¯k. Then, we find that the field equation for
H is satisfied with this time-dependent σ even at t = t0 as has been done in the flat case[7].
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Moreover, the time derivative terms of β,b and k¯ in a ≡ ek¯t in the Einstein equations are
cancelled by the bulk matter fluctuation around the vacuum, T (m)M N ≡ diag(−ρ, p, p, p, p5),
as
ρ =
3
β2
(
2
a˙
a
β˙
β
+
a˙
a
b˙
b
+
(
β˙
β
)2
+
β˙
β
b˙
b
+ 2k¯ ˙¯kt+ ˙¯k
2
t2
)
, (17)
p = − 1
β2
(
4
a˙
a
β˙
β
+ 2
β¨
β
+
b¨
b
−
(
β˙
β
)2
+
β˙
β
b˙
b
+ 2
a˙
a
b˙
b
+ 4 ˙¯k + 2¨¯kt+ 4k¯ ˙¯kt + 2 ˙¯k
2
t2
)
, (18)
p5 = − 3
β2
(
3
a˙
a
β˙
β
+
β¨
β
+ 2 ˙¯kt+ ¨¯kt+ 4k¯ ˙¯kt + 2 ˙¯k
2
t2
)
. (19)
Note that the bulk matter contributes only at t = t0 with terms proportional to δ(t − t0),
δ2(t − t0) and δ˙(t − t0). Since the condition G05 = 0 is also satisfied, the 5D continuity
equations for the bulk matter are automatically satisfied,
ρ˙+ 3
(
a˙
a
+
β˙
β
)
(ρ+ p) +
b˙
b
(ρ+ p5) = 0, (20)
p′5 + 3
β ′
β
(p5 − p) + β
′
β
(ρ− p5) = 0. (21)
Now let us calculate the 4D Planck mass and the 4D effective cosmological constant. Here
we regard the extra dimension up to the first horizon at yh = c. Then, by the integration of
the 5D action gives
S =
∫
d4x
√−g4
∫ c
−c
b(t)dy β4
(
1
2
β−2R4 − 4
b2
β ′′
β
− 6
b2
(
β ′
β
)2
− 1
3
(−ρ+ 3p+ p5)− Λb + 2 · 4!
H2
− 1
b
Λ1δ(y) + Lm
)
+ Ssurface
≡
∫
d4x
√−g4
(
1
2
M2PR4 − 3Λ
)
(22)
where Lm = −ρ is the Lagrangian for the bulk perfect fluid which contributes only at t = t0.
Therefore, the 4D Planck mass is given by
M2P (t) =
∫ c
−c
b(t)dyβ2 (23)
and the 4D cosmological constant is given by
Λ(t) =
1
3
∫ c
−c
b(t)dy β4
[
1
b2
(
4
β ′′
β
+ 6
(
β ′
β
)2)
+
1
3
(2ρ+ 3p+ p5)
+ Λb +
3β8
A
+
1
b
Λ1δ(y)
]
. (24)
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Using the Einstein equations, we can rewrite Λ(t) as
Λ(t) =
1
3b
∫ c
−c
dy(β3β ′)′ +
∫ c
−c
b(t)dy β4
(
Λ¯β−2 +
1
9
(2ρ+ 3p+ p5)
)
. (25)
From the fact that β becomes zero at yh = c, the resulting Λ(t) becomes
Λ(t) =
∫ c
−c
b(t)dy
(
Λ¯β2 +
1
9
(2ρ+ 3p+ p5)β
4
)
. (26)
Consequently, we get the ratio of the 4D cosmological constant to the 4D Planck mass which
can be interpreted as the time-dependent effective curvature,
Λ¯eff(t) =
Λ(t)
M2P (t)
= Λ¯(t) +
(∫ c
−c
dyβ2
)−1
·
∫ c
−c
dy
1
9
(2ρ+ 3p+ p5)β
4. (27)
Therefore, since the bulk matter contributes only at t = t0, the difference of the effective c.c
for t > t0 from the one for t < t0 is given just from Λ¯(t) which in our case is Λ¯f − Λ¯i. Note
that any value of Λ¯f is possible.
III. VANISHING CURVATURE
In Eq. (27), the time-dependence of the curvature is obtained. It shows the existence of
the solution for any instantaneous change of the curvature. Therefore, the classical physics
does not determine completely the time dependence of the effective curvature. It is our
hope that some clever action results in a self-tuning solution with the time-dependence of
curvature as shown in Eq. (1).
If classical physics cannot determine the time-dependence, we can ask a quantum me-
chanical probability for the transition of the curvature. Here, we adopt Hawking’s Euclidian
space integral for this probability function [11], from an initial curvature Λ¯i to the final
curvature Λ¯f . Since we consider the 5D theory, we must integrate with respect to y also up
to yh. In our notation, the mass dimension of the curvature Λ¯ is 2, not 4. Moreover, the
Planck mass comes from integration of extra dimension with the warp factor, so it has a
dependence such as MP = MP (bf , Λ¯f) which is finite for a vanishing Λ¯f and an infinite bf .
Thus, the probability is estimated to be proportional to
exp
(
α
[
M2P (bf , Λ¯f)
Λ¯f
− M
2
P (bi, Λ¯i)
Λ¯i
])
(28)
where α is a O(1) positive numerical number and MP = MP (b, Λ¯) is finite. Since this
probability function is infinitely larger for Λf = 0
+ compared to any other value of the
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final curvature, we obtain by ∼ 100 % probability the vanishing final curvature. In our
interpretation of Hawking’s probability, the underlying physics seems to be clear. We have
a definite initial state with Λ¯i and ask for the probability of obtaining the final Λ¯f . This
probabilistic determination makes sense only if the classical path is not determined. If the
classical path is determined, the classical path corresponds to an extremum path.
If we hope to obtain an exit from inflation by a classical argument only with a self-tuning
cosmological constant, we need some run-away potential for a time-dependent g55 = b(t)
such that an increasing b(t) gives a decreasing cosmological constant. But for a successful
interpretation of cosmology the time dependence must come with a sufficiently large power
p in Eq. (1).
For the strong self-tuning solution, we need a solution allowing the D-region also to
accomodate inflation.
IV. CONCLUSION
We have considered the inflation and the vanishing cosmological constant in a unified
way in 5D self-tuning models. In this framework, the inflation is designed to originate in
the region where only the de Sitter space is allowed(D-region). Then, due to the parameter
change at the brane the universe enters into the region where de Sitter, anti-de Sitter and
flat spaces are allowed(F-region). Thus, the initial condition at the F-region is supposed
to be a de Sitter space. We considered the time dependence of curvature in the F-region
and proposed that a solution of the cosmological constant problem by equations of motion is
through the curvature change to zero as t→∞. If the classical equations does not determine
the time dependence of the curvature, a quantum mechanical probability a la Baum and
Hawking is shown to determine the curvature in the F-region as 0+. This probabilistic
solution is clearer in the set-up of this paper.
Acknowledgments
JEK is supported in part by the KOSEF ABRL Grant No. R14-2003-012-01001-0, the
BK21 program of Ministry of Education, and Korea Research Foundation Grant No. KRF-
PBRG-2002-070-C00022. HML is supported by the European Community’s Human Poten-
9
tial Programme under contracts HPRN-CT-2000-00131 Quantum Spacetime, HPRN-CT-
2000-00148 Physics Across the Present Energy Frontier and HPRN-CT-2000-00152 Super-
symmetry and the Early Universe. HML is also supported by priority grant 1096 of the
Deutsche Forschungsgemeinschaft.
[1] S. Weinberg, Rev. Mod. Phys. 61 (1989) 1. For a recent review, see, U. Ellwanger,
hep-ph/0203252.
[2] L. Randall and R. Sundrum, Phys. Rev. Lett. 83 (1999) 4690 [hep-th/9906064].
[3] S. Kachru, M. B. Schulz, and E. Silverstein, Phys. Rev. D62 (2000) 045021 [hep-th/0006139];
N. Arkani-Hamed, S. Dimopoulos, N. Kaloper, and R. Sundrum, Phys. Lett. B480 (2000) 193
[hep-th/0001197].
[4] S. Fo¨rste, Z. Lalak, S. Lavignac, and H. P. Nilles, Phys. Lett. B481 (2000) 360
[hep-th/0002164] and JHEP 0009 (2000) 034 [hep-th/0006139].
[5] J. E. Kim, B. Kyae, and H. M. Lee, Phys. Rev. Lett. 86 (2001) 4223 [hep-th/0011118].
[6] J. E. Kim and H. M. Lee, JHEP 0209 (2002) 052 [hep-th/0207260].
[7] J. E. Kim, B. Kyae, and H. M. Lee, Nucl. Phys. B613 (2001) 306 [hep-th/0101027].
[8] J. E. Kim, JHEP 0301 (2003) 042 [hep-th/0210117].
[9] P. Binetruy, C. Charmousis, S. Davis, and J.-F. Dufaux, Phys. Lett. B544 (2002) 183
[hep-th/0206089]; A. Jakobek, K. A. Meissner, and M. Olechowski, Nucl. Phys. B645 (2002)
217 [hep-th/0206254].
[10] J. E. Kim, B. Kyae, and Q. Shafi, hep-ph/0305239.
[11] E. Baum, Phys. Lett. B133 (1983) 185; S. W. Hawking, Phys. Lett. B134 (1983) 403.
[12] J. E. Kim, talk presented at COSMO-03, Ambleside, Lake District, England, Aug. 28, 2003.
10
